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1. INTRODUCTION AND SUMMA&Y 
In this note we 8re concerned with the 8symptotic beheviour 8s n -+ w of 
(1) sup 
IWf;4-f(41 
mJ1~0.11 w(f; n-y 
for 0 < oc Q 1. Here Cr[O,l] is the set of real functions on [O,l] with continuous 
derivative, &(j; 8) is the Bernstein polynomi8l of order n of j, and 01 is the modulus 
of oontinuity of f’, i.e. 
o1(f; @= p;& If’@)-f’(Y)1 (6 > 0). 
In [3] the beheviour of (l), both for finite 12 end for n -+ 00, ~88 investigeted 
when a=). The c8se u= 1 was treated in [2]. Supplementing the aaymptotio results 
in [2], [3], [4], we consider here the asymptotics of (1) for 0 < a < 1. It turns out 
that essentially there are three cases: 0 < a < $, 4 < d( < 1 and the c8se a=), 
which is the most delicate. For a= 8 an upper bound ~8s obtained by Lorentz 
(cf. [I], p. 21). 
2. PRELIMINARIES 
The following lemma is a basic result from [3], [4]. 
LEW 1. For any d > 0 and each fixed 2 E [O,l] 
(2) 
where 
sup IMf;4--fW1 IBn(f ;2),  
1c Ul[O.l1 mu; 4 
(3) 
The following three lemmas provide bounds for f(t) and hence, by the 
positivity of the Bernstein operators, for &(f; x). Lemmas 2 and 4 are 
similar to results proved in [3] (viz. (5.3) and (6.1)); they are easily 
verified directly. Lemma 3 is contained in lemma 1 of [2]. 
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LEMMA 2. For all t E [O,l], for each fixed z E [O,l] and each 6 > 0 
&V-x)2< f(t)< ; + 4 @-x2)2, 
and hence for each fixed x E [O,l], each 6 > 0 and all n E~YI 
& <&(f;x)<; + &, 
where 
X=2(1-x). 
LEMMA 3. Let g(t)=#t-21 and &(x)=B,(g;z). Then for z~[O,l] 
L&(x) - n-f{X/(2n)}f (n+ 00). 
LEMMA 4. For all t E [O,l], for each fixed ZE [O,l] and each 8~0 
and hence for each fixed z E [O,l], each 6 > 0 and all n E I-I 
&&)<Bn(f;x)<fln(x)+ 5. 
I- 
3. THE CASE 6 = ?l? 
The following theorem is the main result of this note. For O<ar < 4 it 
is a consequence of lemma 4, for $<a < 1 it follows from lemma 2. For 
a proof of the more complicated case a=+, which is included for the 
sake of completeness, we refer to [3], [4]. 
THEOREM. Let 
c$’ (5) = sup IWf;4-f@)l 
f 8 dIO.11 w(f ; nd) 
and 
I$) = max ct) (x). 
28[0.11 
Then for n+oo 
cr) (5) - n-*{X/(2n)}h (O<m<S), 
cg) (x) -d-lx I 2 (B--G l), 
13$)(“(z) N n- ‘((q(2n))f + 2x* 2 7 (u - jX-yy(u)du}(X > O), 
1-l jx-t 
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where q(u) = (2n)-* exp ( - uz/2). Furthermore 
cp N $(2n)4 n-t= 0.1995+ (Ow<+), 
(4) 
t$) N @f-l = 0.125&~,~-1 (i-9 l), 
co 05 
CC' N n-t {4(2n)-* + z\ J (u- 2j)pl(u)du}= 0.2080n-*. 
-1 2i 
REMARK 1. For the case dc= 4 the proof is more complicated, as in 
that case the Bernstein polynomials of both f(t) and f(t) - $lt - ~1 (cf. (3)) 
are of order n-a; the central limit theorem is then the most obvious tool 
to use. Surprisingly, it is not at all easy to generalize this approach to 
values of a#&, i.e. to prove the theorem above without the use of a priori 
bounds on f as given in lemmas 2 and 4. As is obvious from (4) the 
asymptotic behaviour is discontinuous at OL = 4. 
REMAF~K 2. The results of the theorem for 4 <or Q 1 are also valid for 
oc> 1, but of little interest in the context of approximation. 
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